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Abstract
Radiative corrections in the order α
2pi
m2e
m2µ
to µ- and α
2pi
m2µ
m2τ
to τ - decays are
calculated. The decay width is enhanced by 4.48 · 10−3( α
2pi
) in the muon case
and by 0.283( α
2pi
) for the τ → µντ ν¯µ(γ) decay. Influence of these corrections
on the electroweak data is discussed.
PACS numbers: 13.35.Br, 13.35.Dx
Typeset using REVTEX
1
The nowaday level of accuracy in the electroweak experiments requires the complete
accounting of the O(α) radiative corrections [1]. Any deviation of the experimental data
from these predictions can be considered as an indication of the presence of some new physics
beyond the Standard Model. Therefore, the careful determination of these corrections is of
great importance.
In this letter we reconsider the one-loop electromagnetic corrections to the muon and τ
decays [2]. We calculate the contributions in the order α
2pi
m2e
m2µ
to the total µ decay rate and
α
2pi
m2µ
m2τ
to the muon decays of τ . The order of magnitude of this correction has been discussed
in [3] (see also [4]) and has been estimated to be of order 10−7÷10−8. We integrate the well-
known one-loop radiatively corrected electroweak spectrum [2] in muon decay numerically
and extract the first term of the expansion in m
2
e
m2µ
. It turns out that the numerical factor in
front of this term enhances this correction by two orders. With accounting this correction
the total decay rate of muon is equal to
Γ(µ→ all) =
G2Fm
5
µ
192pi3
[
f
(
m2e
m2µ
)
+
3
5
m2µ
m2W
+
α(mµ)
2pi
g
(
m2e
m2µ
)]
, (1)
f(x) = 1− 8x+ 8x3 − x4 − 12x2 log x, (2)
g(x) =
25
4
− pi2 − 24x
(
log x+
17
6
)
+ o(x), (3)
α−1(mµ) = α
−1
−
1
3pi
log
m2µ
m2e
+
1
6pi
≈ 136.1 (4)
with
mµ = 105.658389± 0.000034 MeV , (5)
me = 0.51099906± 0.00000015 MeV , (6)
mW = 80.22± 0.26 GeV . (7)
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Thus, the corrections are:
3
5
m2µ
m2W
≈ 1.04 · 10−6, (8a)
(
g
(
m2e
m2µ
)
− g(0)
)
α
2pi
≈ 4.48 · 10−3
α
2pi
≈ 5.2 · 10−6, (8b)
α2
3pi
log
m2µ
m2e
(
pi2 −
25
4
)
≈ 3.5 · 10−5. (8c)
One can see that this correction is five times larger than the correction due to the finiteW
mass. Nevertheless, this correction is irrelevant for the concrete value of the weak constant
GF = (1.16639 ± 0.00002) · 10
−5GeV−2 [1], since it is 7 times smaller than (8c) which is
quoted as the theoretical uncertainty for the weak constant [1].
Indeed, the decay rate for Γ(τ → eντ ν¯e(γ)) and for Γ(τ → µντ ν¯µ(γ)) can be simply
obtained from (1) by the replacement mµ → mτ and (me → mµ; mµ → mτ ) respectively.
The correction under consideration is relevant for Γ(τ → µντ ν¯µ(γ)). Explicitly, one finds
Γ(τ → µντ ν¯µ(γ)) =
G2Fm
5
τ
192pi3
[
f
(
m2µ
m2τ
)
+
3
5
m2τ
m2W
+
α(mτ )
2pi
g
(
m2µ
m2τ
)]
(9)
with
α−1(mτ ) ≈ 133.3, (10)
mτ = 1777.0± 0.26 MeV ( [5]) . (11)
Then, one gets
3
5
m2τ
m2W
≈ 2.89 · 10−4, (12a)
(
g
(
m2µ
m2τ
)
− g(0)
)
α
2pi
≈ 0.283 ·
α
2pi
≈ 3.25 · 10−4, (12b)
α2
3pi
log
m2τ
m2e
(
pi2 −
25
4
)
≈ 5.3 · 10−5, (12c)
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Let us note that the first term in the expansion of g(x) in (3) gives g(
m2µ
m2τ
)− g(0) ≈ 0.23.
In the case of τ → µντ ν¯µ(γ) decay the account of nonzero muon mass decreases the one-
loop correction by 8%. This correction slightly affects on predictions for branching ratios of
the τ leptonic decays:
Γ(τ → µντ ν¯µ(γ)) = 0.9731 · Γ(τ → eντ ν¯e(γ)). (13)
This correction also relevant for testing of e−µ universality in τ leptonic decays. Rewrit-
ing (13) in the form [5]:
Γ(τ → ντ lν¯l(γ)) =
GτGlm
5
τ
192pi3
[
f(xl) +
3
5
m2τ
m2W
+
α(mτ )
2pi
g(xl)
]
, (14)
where Gl =
g2
l
4
√
2M2
W
, xl =
m2
l
m2τ
.
The strength of each leptonic charged current is determined by gl. The comparison of
Γe and Γµ is a test of e− µ universality. Since f(xe) ≈ 1 , g(xe) ≈ 0, one has:
Γµ
Γe
= f(xµ)
g2µ
g2e
(15)
with f(xµ) ≈ 0.9731.
Comparing with the experimental data [5], one finally gets
gµ
ge
= 1.0005± 0.0035 (16)
To conclude, we compute correction of the order ( α
2pi
)m
2
e
m2µ
to the muon width and of the
order ( α
2pi
)
m2µ
m2τ
to Γ(τ → µντ ν¯µ(γ)) respectively. In the last case, this correction decreases
one-loop correction by 8%. Our results give the precise predictions for the decay rates,
which can be really tested provided the experiments achieve higher accuracy and the explicit
calculation of the two-loop correction for the total muon decay rate is done.
I. Polyubin thanks L.B. Okun for useful discussions. This work was supported in part
by RFFI grant N 93-011-16087, RFFI grant N 94-02-14365 and ISF grant MET000.
Note Added. After this work was completed we have learned that the formula (3)
already exists in literature [6]. We are grateful to Y.Nir for bringing the paper [6] to our
attention.
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